Abstract. The exact 1+3 covariant dynamical fluid equations for a multi-component plasma, together with Maxwell's equations are presented in such a way as to make them suitable for a gauge-invariant analysis of linear density and velocity perturbations of the Friedmann-Robertson-Walker model. In the case where the matter is described by a two component plasma where thermal effects are neglected, a mode representing high-frequency plasma oscillations is found in addition to the standard growing and decaying gravitational instability picture. Further applications of these equations are also discussed.
Introduction
Plasmas are believed to be present and play an important role in many physical processes in the Universe, e.g. accreting matter around compact objects. Furthermore, it is reasonable to assume that in many instances where plasmas are present, general relativistic conditions prevail. Even so, plasma physics has mostly been analysed in a Newtonian or special relativistic context (in part because of the importance of plasmas in weak gravitating systems and earth-bound applications, and in part because such approximations often have sufficed). There are exceptions to this, of which examples are given below. Nevertheless, there does not seem to have been a rigorous setup of the necessary and sufficient self-consistent equations for determining the dynamics of plasmas coupled to general relativistic gravity, at least not in a form which guarantee the gauge invariance when doing perturbation theory. In this paper, we will try to give such a setup in the context of fluid dynamics, leaving the possibility of doing this using a kinetic description as an open issue.
A number of approaches can be used to analyse the equations describing generalrelativistic plasmas, e.g. analytical, numerical and/or perturbative methods. Even when making severe symmetry assumptions, and thus restricting the applicability of the equations, it is difficult to find exact solutions to the remaining equations. It is furthermore a non-trivial task to analyse the equations using numerical techniques. Thus, because of the complexity of the full system of equations, the most useful approach is perhaps perturbative techniques. Some examples in the literature that employ perturbative methods are described below.
Non-gravitating plasmas on curved background spacetimes: This is perhaps the simplest way to analyse the influence of general relativistic gravity on plasmas. Furthermore, in astrophysical applications it is often a very good approximation. The only difference from the flat spacetime case is that gravitational terms may enter the equations. Within this approach there are two sub-cases: (a) weak gravitational fields, which could either be Newtonian gravity, in which the gravitational field is described using a single potential, or weak gravitational waves, which is a purely non-Newtonian effect, and can be seen to act as a pump wave analogue of standard plasma physics; (b) strong gravitational fields, in which one can use exact solutions to Einstein's field equations as a background model. The "membrane paradigm" formalism (see Ref. [10] and references therein) was developed for this purpose, with the background spacetimes being the Schwarzschild or Kerr black hole solutions. This approach is in essence not perturbative in the usual sense, but since the back-scattering to the gravitational field is neglected, one in effect views all fields and fluid variables as weak.
Self-gravitating plasmas: In this case one is interested in the back-scattering of plasma perturbations on the gravitational field. This approach in somewhat more complicated than case (a), but could possibly be of importance when it comes to analysing problems that occur in structure formation in the Universe or magnetogenesis. Similar techniques have been used in the standard analysis of the Cosmic Microwave Background, but treating the photons using a Boltzmann description, where the collisions are due to Thomson scattering with the electrons (see Ref. [5] and references therein).
Below, we will try to give a short summary of the work done in this area, using the above described techniques. It should be pointed out that this is not intended to be an exhaustive review, but rather give a flavour of what kind of research has been done.
Apart from this, there have been numerous papers on the use of electromagnetic fields for the detection of gravitational waves (see [12, 13, 14] and references therein).
For spacetimes containing gravitational radiation, wave interactions in plasmas are expected to occur, with the gravitational wave acting as a pump. Using this heuristic picture, Ref. [15] used kinetic theory on a gravitational wave background to show that there can indeed be parametric excitation of plasma waves, with a growth rate proportional to the gravitational wave amplitude. Bingham et al. [16] have used the weak gravitational wave approximation in order to study the scattering of gravitational waves in supernovae, and they have pointed out that the expected gravitational wave form may change due to such scattering. Furthermore, Ref. [6] used the cold fluid approximation to show the possible existence of radio waves due to the emission of weak gravitational waves from binary pulsars. Using an analogy to frequency upshifting of short laser pulses in laboratory plasmas (see, e.g., [17] ), it was shown in Ref. [18] that weak gravitational waves could induce similar phenomena in magnetized multicomponent plasmas.
There have been a number of papers using the formalism of the membrane paradigm [10] together with the appropriate fluid equations, in order to derive the properties of plasmas (usually under the MHD approximation) outside black holes.
In Ref. [19] the authors studied high frequency EM-waves in a plasma outside a spherically symmetric black hole, and the dispersion relation was found. Furthermore, it was found that the propagation of electromagnetic waves is determined by an inhomogeneous wave equation. Building on this paper, the authors continued their study, showing the possibility of EM-wave outburst from black holes due to mode conversion [20] .
Khanna has also written a number of papers on plasma physics outside black holes, e.g., Ref. [21] where a gravitational background of a rotating black holes was treated, and a generalized Ohm's law was derived.
In Ref. [7] the exact plane fronted parallel (pp) solution [11] to Einstein's field equations was used in order to gain a better understanding of non-linear effect on plasmas from gravitational waves; it was shown that non-linearities can excite longitudinal electromagnetic-and plasma modes. Ignat'ev have investigated the effects of such a pp-wave on a MHD plasma, and also found an exact solution to the MHD equations in this case [22] .
There has also been work done on fluid dynamics and kinetic gas theory in cosmology. Notably, the book by Bernstein [23] treats the kinetics of gases in the Friedmann-Robertson-Walker model. Note though that very few of the cosmological applications take into account plasma effects (although there are exceptions, see e.g. [24, 25, 26, 27] ).
Apart from the above mentioned, general relativistic plasma physics seems to be a field open for investigations. The next step would of course be to analyse, in a perturbative manner, the self-gravitating plasma, which would have applications both in astrophysics (neutron star formation and accretion) and cosmology (structure formation and its relation to the Cosmic Microwave Background Radiation).
Gauge invariant perturbation theory in general relativity was pioneered by Bardeen in his seminal paper [1] and has been applied widely in cosmology, however his choice of variables does not have a transparent physical meaning, and are limited to linear perturbations around a Friedmann-Lemaître-Robertson-Walker (FLRW) background. More recently, Ellis & Bruni [2] devised a simple and transparent perturbation scheme, based on the Stewart & Walker lemma [3] . This approach has the advantages of being both covariant and gauge-invariant, giving physically transparent variables whose application is not limited to linear perturbations around a FLRW background. In Ref. The description of our physical system can be viewed as based on the following prerequisites. We assume the existence of observers moving with four-velocity u a . Relative to these observers, we have the multi-fluid system moving with four velocities V a (i) , i numbering the fluids. These fluids can be represented by their energy-momentum tensors in Einstein's equations, the individual energy-momentum tensors being of perfect fluid form T
ab , where µ (i) and p (i) are respectively the energy density and pressure, and g ab is the metric. In general, each fluid species has its own equation of state. The Maxwell tensor is given by
, where E a and B a are the electric and magnetic fields, respectively, as measured by the observer moving with the frame four-velocity u a . The electromagnetic field in general gives a contribution to the energy momentum tensor in the form T
The dynamics of the electromagentic fields are given by Maxwell's equations
Finally, the dynamics of the gravitational field is determined by Einstein's equations, thus forming a closed system of equations given an equation of state for the different matter components. Of course, in the presence of other physical fields e.g. spinor fields, the above mentioned equations need to be supplemented by corresponding evolution-and constraint equations (see, e.g. Refs. [8, 9] and references therein for examples of such equations).
Fluid equations

Preliminaries
In what follows we restrict our analysis to the dynamics of (a collection of) perfect fluids.
Let the four-velocity of the fluid species i be
where u a is the observer or frame four-velocity,
The perfect fluid energy momentum tensor takes the form
where µ (i) is the rest energy density in the fluid frame, and p (i) the corresponding pressure. Now, the energy-momentum tensor (2) can be split relative the observer with velocity u a , bringing it into the form
and h ab ≡ g ab + u a u b is the projection tensor orthogonal to the local rest space of u a . Hereq a (i) is the heat flow andπ ab (i) the anisotropic pressure. Charged fluids will interact through electromagnetic fields, defined via Maxwell's field strength tensor [5] :
where E a and B a are the electric and magnetic fields, respectively. The dynamics of E a and B a is given by Eqs. (19a)-(19d) . Furthermore, the electromagnetic field contributes to the gravitational field through the energy-momentum tensor
where we have used the notation of [5] to express the symmetric and tracefree part A ab of a tensor orthogonal to u a . Using Maxwell's equations (19a)-(19d), energy-momentum conservation of the individual fluid species can be expressed as
where the four current is j
being the charge density in the rest frame of the fluid, and ǫ 0 is the permittivity of vacuum. The therm J
represents interactions other than electromagnetic between the fluids, and we can split it with respect to the four-velocity u a according to
where ε (i) represents the work per unit volume done by the interaction in question, on fluid species i, while f a (i) is the three-force density, orthogonal to u a . Because of the overall energy-momentum conservation, we require
and the total fluid equations can thus be written as
Moreover, we also require particle number conservation to hold. This can be expressed as
where n (i) is the local rest number density of the fluid species i. Using the number density, the current density in Eq. (7) can be written j
, where q (i) is the individual charge of the particles making up the fluid. In general, the second law of thermodynamics ∇ a S a ≥ 0, has to be supplied to the fluid system together with an equation of state, where S a is the entropy flux. All the above equations has to be supplemented by the covariant equations given in the appendix A.
The covariant split of the equations
The covariant form of the fluid conservation equations, relative to an observer moving with four-velocity u a , can be obtained by directly inserting the split (4a)-(4d) into (7). In this way we obtain the energy conservation equation
by projecting Eq. (7) onto u a , and the momentum conservation equation
by projecting Eq. (7) onto the rest space orthogonal to u a . The particle number conservation expressed by Eq. (11) takes the forṁ
The total fluid equations (10) can similarly be decomposed aṡ
anḋ
where
Here we have defined the
where the hatted quantities can be found in Eqs. (4a)-(4d). The covariant form of Maxwell's equations can be obtained directly from Ref. [5] , or by substituting the field tensor (5) in ∇ b F ab = µ 0 j a and ∇ [a F bc] = 0. These equations then take the forṁ
Note that total charge conservation follows from Eqs. (2.2).
First order equations
We now linearize the above equations around a FLRW model. Since the FLRW is homogeneous and isotropic, all spatial gradients and velocity components orthogonal to u a must vanish in the background. This implies that inhomogeneities play a first order role, and that γ (i) = 1 to first order. Furthermore, the isotropy and homogeneity of the background also requires the electromagnetic field to vanish, which implies, through Eq. (19c), that ρ ch is zero in the background. Similarly, the shear σ ab and vorticity ω a of the FLRW spacetime is zero because of isotropy, while the accelerationu a vanishes because of homogeneity. Thus, in first order form, Eqs. (12)- (14) becomė
respectively. Using the total fluid equations (15) and (16), we obtaiṅ
respectively. From Maxwell's equations, we find the first order equationṡ
It proves convenient in many applications to adopt a particle energy frame (see [4] and references therein) defined by the vanishing of the energy flux:
It is worth noting that although the electromagnetic field in general contributes to the heat flux via the Poynting vector ǫ abc E b B c , this contribution vanishes to first order. Adopting the energy frame, we see that Eq. (16) reduces tõ
which in first order form becomes
Thus, in the case of a dust background (to be treated in Sec. 3.1), the accelerationu a is at least second order.
Example and discussion
Velocity induced perturbations around flat FRW models
As a simple example of how to apply these equations consider the case of velocity perturbations around a flat dust Friedmann-Robertson-Walker spacetime. We choose to work with a two-fluid system, with each fluid being described in terms of the dust energy-momentum tensor relative to each fluids' frame of reference. For the general properties of the first order perturbation system, see the previous section.
In the background, the only non-zero scalars giving a complete description of the spacetime are the density µ = µ 1 + µ 2 and expansion Θ. Note that in the background, the total charge density vanishes: ρ ch = −e(n 1 − n 2 ) = 0 since we have assumed that the charges of both species have the same magnitude, but opposite sign and we have defined −e = q 1 = −q 2 . Thus, since n 1 − n 2 vanishes in the background, it follows via the Stewart & Walker lemma [3] that it is a gauge invariant perturbation variable. Furthermore, we have µ i = m i n i since no thermal effects are included. It therefore follows that it is natural to introduce the following variables:
The energy-frame choice: q a = 0 (see Eq. (4c)) leads to the result that to first order
where ∆µ = µ 1 − µ 2 . Obviously, ∆µ/µ is independent of time.
The following system of first order equations then follows, using Eqs. (21) and (22):
while the Raychaudhuri equation (A.1) becomeṡ
It is interesting to note that the total momentum equation impliesu a = (ρ ch /µ)E a , which means that the acceleration is a second order variable, since both ρ ch and E a vanish in the background. The electric field in Eq. (31c) is determined by the Maxwell equations (19a) and (19c).
Velocity induced density perturbations
In order to extract the information we want, it is convenient to introduce the following covariant and gauge-invariant variables:
where S is the background scale factor. Differentiating Eqs. (33a)-(33d) and using Maxwell's equation (19c), we obtaiṅ
where α 2 = 4e 2 /3ǫ 0 m 1 m 2 . We see that Eqs. (34a) and (34c) decouple from the rest of the equations and lead to the following propagation equation for Y :
The solution to Eq. (35) will act as an inhomogeneous driving term in the corresponding propagation equation for ∆:
obtained by taking the derivative of Eq. (34b) and using (34d). In order to solve equations (35) and (36) it is standard to decompose physical (perturbed) fields into a spatial and temporal part using eigenfunctions Q which are solutions of the Helmholtz equation [32] :
Since we have a flat FLRW dust background, the expansion and energy density evolve according to Θ = 2/t and µ = 4/3t 2 . On using these results and the harmonic splitting described above, the perturbation equations (35) and (36) becomë
and∆
In order to estimate the value of the parameter α we substitute back for the gravitational constant and write 
Since α ≫ 1 the solutions to these equations are
Hence in addition to the standard growing and decaying modes of the gravitational instability picture we obtain an additional mode representing high frequency plasma oscillations with a weak damping envelope. As expected these plasma modes are only important on very small scales, i.e. when k ≫ 1.
Discussion and Conclusion
In this paper we generalized the multi-component fluid equations derived by Dunsby, Bruni & Ellis [4] to the case of charged fluids, supplemented by Maxwell equations. The equations are given in covariant form relative to an observer moving with velocity u a (e.g. the average velocity of the cosmological medium). We then linearized these equations about the Einstein de-Sitter (EdS) model. An application was presented where the matter is described by a ion-electron plasma whose average pressure vanishes (so that the EdS model is a suitable background). A new density perturbation mode representing high frequency plasma oscillations was found in addition to the standard growing and decaying models. This mode is only likely to be important on scales much smaller than the Hubble radius during the matter dominated era and therefore is probably of little cosmological importance from the point of view of structure formation. However, it does illustrate that interesting physics is contained in non-gravitational interactions.
In a forthcoming paper, we further investigate plasmas in the EdS model and study the possible production of electromagnetic fields sourced by velocity perturbations and density inhomogeneities in the plasma. This could give raise to a self-consistent mechanism for generating primordial electromagnetic fields.
There are of course several interesting ways to generalize the discussion presented in this paper. One possibility is to include thermal effects which occur in a photon-baryon plasma giving a non-zero acceleration to first order. This may lead to possible coupling between acoustic and plasma oscillations.
Another interesting application would be to apply the ponderomotive force concept between neutrinos and electrons (see [8, 28] and references therein) to cosmology in a covariant context. In this picture, derived from the theory of electroweak interactions, there is an effective interaction between electrons and neutrinos due to density gradients in either species. For instance, the (non-relativistic) force density exerted by neutrinos on the electrons is given by [28] f a (e) = − 1 √ 2 1 + 4 sin 2 θ W G F n e∇ a n ν ,
where θ W is the Weinberg angle and G F is the Fermi constant. The expression (44), together with its neutrino counterpart, could act as a driving force for density fluctuations in the early Universe, possibly giving a neutrino signature in the CMB, having an alternating structure as compared to the regular CMB spectrum. The neutrino-driven instability discussed by Silva et al. [29] (see also Ref. [30] for the covariant relativistic form of the same equations), using kinetic theory, could in principle be transferred to a gauge invariant covariant formalism, suitable for cosmological applications (see also [31] ), but this is left for future studies. 
